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We present a reanalysis of GW151226, the second binary black hole merger discovered by the LIGO–
Virgo Collaboration. Previous analysis showed that the best-fit waveform for this event corresponded to the
merger of a ∼14 M⊙ black hole with a ∼7.5 M⊙ companion, and the posterior distribution in mass ratio
(q ≤ 1) is rather flat. In this work, we perform parameter estimation using a waveform model that includes
the effects of orbital precession and higher-order radiative multipole modes, and we find that the source
parameters of GW151226 shift toward the low q and high effective spin (χeff ) region and that q is better
measured. The new solution has a log likelihood roughly two points higher than when either higher
multipoles or orbital precession is neglected and can alter the astrophysical interpretation of GW151226.
Additionally, we find it useful to use a flat-in-χeff prior, which does not penalize the large jχeff j region, in
order to uncover the higher likelihood region for GW151226. Our solution has several interesting
properties: (a) the secondary black hole mass is close to the upper limit of the hypothesized lower mass gap
of astrophysical black hole population; and (b) orbital precession is driven by the primary black hole spin,
which has a dimensionless magnitude as large as ∼0.85 and is tilted away from the orbital angular
momentum at an angle of ∼57°. Since GW151226 is a relatively weak signal, an unambiguous claim of the
detection of these effects in the signal cannot be made.

DOI: 10.1103/PhysRevD.106.024009

I. INTRODUCTION

GW151226 marks the second confident observation
of a binary black hole (BBH) merger, detected by the
LIGO–Virgo Collaboration (LVC) [1,2] on December 26,
2015. This event, which has a network signal-to-noise
(SNR) ratio of approximately 13, is interesting because it is
a low-mass binary system and was consequently observed
over a large number of cycles (∼55) in the detector’s
sensitive frequency band. The large number of cycles
allows us to characterize the signal relatively precisely
and helps us draw more detailed conclusions about the
underlying system. For example, one of the black holes was
inferred to have nonvanishing spin along the direction of
the orbital angular momentum at ≳90% confidence [1–5].
These measurements make an important contribution to
constraints on formation channels for the astrophysical

BBH population [6,7] and enable tests of general relativity
in the strong-field regime [8,9].
While the astrophysical implications of GW151226 have

been extensively explored in the literature, those works
relied on source parameters that were inferred using
waveform models that exclude either orbital precession
or higher-order radiative multipoles, or both. For instance,
the parameter estimation (PE) conducted in Refs. [3,4]
and the base results in the official LVC papers [1,2] utilized
waveform models that assume the spins of the black holes
are aligned with the orbital angular momentum, and only
include the dominant quadrupolar radiation [10–12].
The LVC [1,2] and the independent PyCBC group [5]
also presented analyses with waveform models that incor-
porate orbital precession, but exclude higher multipoles
[13–15]. In contrast, Ref. [16] used the likelihood reweight-
ing method [17,18] to reanalyze GW151226 with a
waveform model that includes higher multipoles but not
precession [19]. The results of those studies were broadly
consistent with one another, and found no significant*hschia@ias.edu
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signs of either higher multipoles or orbital precession in
GW151226.
Recent advancements in template waveform modeling

have led to the construction of models that encapsulate both
precession and higher multipoles in a unified framework
[20–23]. In the past, these state-of-the-art models have not
been used to reanalyze GW151226, or more broadly, the
larger set of events identified in the first and second
LVC observing runs (O1 and O2). For instance, in their
population analysis paper [24], the LVC used the posterior
samples derived with the older waveform models [12–15]
for the O1 and O2 events, although new models which
include precession and higher multipoles are used to
analyze the events identified in the first half of the third
observing run (O3a) [21–23]. Recently, we and the authors
of Refs. [25,26] used IMRPhenomXPHM [20], a state-
of-the-art model which includes both higher multipoles and
the effects of orbital precession in the waveform, to analyze
the O1–O3a events. Interestingly, despite using the same
waveform model, each group found different results in the
parameter estimation for GW151226, including varying
degrees of observed bimodality in the posterior distribu-
tions. These disagreements highlight an unusual difficulty
in analyzing GW151226, and warrants further investigation
into the nature of this interesting event.
In this work, we reanalyze GW151226 using

IMRPhenomXPHM [20] and include a detailed exploration
of the changes in our PE results when either higher
multipoles (HM) or orbital precession is disabled in the
signal model. While our base analysis is conducted using a
prior that is uniform in the effective spin [27], χeff , we also
study how our results change when the commonly used
isotropic spin prior [25,26,28] is imposed (see Ref. [29] for
a comparison of these priors).
We find that the posterior distributions of the source

parameters of GW151226 shift toward the extreme mass
ratio and high-χeff region under the flat-in-χeff prior when
both HM and orbital precession are included in the analysis
(we refer this as our DEFAULT setup). In this case,
our solution has a mass ratio of q≡m2=m1 ∼ 0.3 and
χeff ∼ 0.3, where m1 and m2 are the primary (heavier) and
secondary (lighter) black hole (BH) masses. On the other
hand, when either HM or orbital precession is disabled, or
when imposing the isotropic spin prior (which penalizes
solutions in the large jχeff j region), the solutions have mass
ratio q ∼ 0.45 and χeff ∼ 0.25. The latter result is consistent
with those reported in earlier studies [1–5], where the
posterior distribution in q is visibly broader than the result
of our DEFAULT setup and strongly prefers q > 0.25.
Crucially, the likelihood of our new extreme mass ratio
solution is a factor of ∼e2 larger than the maximum like-
lihood in the high-q region, so it can have an impact on the
astrophysical interpretation ofGW151226.This observation
highlights the importance of bothHMand orbital precession
in analyzing GW151226, though we note that GW151226’s

SNR of ∼13 makes it a relatively weak signal to make an
unambiguous claim of the detection of these effects. While
our flat-in-χeff prior is not the most astrophysically probable
spin prior for merging black holes, our finding demonstrates
that prior assumptions on the BH spin distribution which
penalize large jχeff j can result in a failure to uncover the
higher likelihood region for GW151226.
In addition to having a mass ratio far from unity and

displaying signs of precession, our solution is qualitatively
interesting for a variety of reasons. First, the secondary BH
mass of the new solution has a median and 90% symmetric
credible interval of m2 ¼ 5.8þ2.9

−1.7 M⊙, giving the posterior
non-negligible overlap with the hypothesized lower mass
gap of black hole populations (roughly 2.5–5 M⊙ [30–32]).
Second, the primary BH is found to have a very large spin
magnitude, jχ⃗1j ¼ 0.85þ0.13

−0.35 . Furthermore, we find that the
primary spin is tilted away from the orbital angular
momentum at θ1L ¼ ð57þ37

−23Þ° and is therefore the main
driver of precession. The secondary spin, on the other hand,
is unconstrained. Since these source properties are different
from those inferred in the literature [1–5], GW151226
could be a binary system with previously unexplored
astrophysical implications. These results serve to motivate
further advancements in the waveform modeling frontier,
which will allow us to more accurately determine the
source properties of existing and future detections of
compact binary coalescence signals.
This paper is organized as follows: in Sec. II we describe

our PE method and outline the different setups used to
decipher the underlying physics of GW151226. In Sec. III
we report the parameter estimation results. In Sec. IV we
elaborate on our findings, examining how the presence of
HM and orbital precession in the signal model affect the
inferred source properties, such as the spin of the primary
BH. In Sec. V we discuss the astrophysical implication of
our new solution. Finally, we summarize and conclude
in Sec. VI.

II. PARAMETER ESTIMATION SETUPS

We perform PE across a suite of different computational
setups in order to investigate the origin of the shift toward
the low-q (extreme mass ratio) and high-χeff region. In all
of these computations, we use the recently developed
IMRPhenomXPHM waveform approximant [20], which
models the GW emitted by a quasicircular precessing
BBH. In addition to the dominant quadrupolar radiation,
the model also includes higher-order multipoles in the
coprecessing frame of the binary system (see below for the
list of available multipole modes). IMRPhenomXPHM
calibrates analytic expressions of these radiative multi-
poles, which are accurate in the early inspiral regime
of the binary evolution, with numerical relativity simula-
tions that describe the merger-ringdown regime. Since
the simulations have only been performed for mass ratios
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of 0.25 < q < 1 for precessing binaries [23], merger-
ringdown regime at smaller values of q necessarily requires
extrapolation.1 For GW151226, where a large number of
orbital cycles were observed in the early inspiral stage and
the inferred value of q ≈ 0.3 is within the bounds, the
waveform model remains a good description [20,23]. To
evaluate the dynamic evolution of the binary’s Euler angles
due to orbital precession, we use the default precession-
twisting prescription of IMRPhenomXPHM [20], which is a
hybrid of the so-called multiscale analysis method [33] and
the post-Newtonian approximation [34].
The specifications of our parameter inference setups are

detailed as follows:
(i) DEFAULT: our main setup in which we include orbital

precession and all of the multipole moments
in IMRPhenomXPHM, which are the ðl; jmjÞ ¼
fð2; 2Þ; ð2; 1Þ; ð3; 3Þ; ð3; 2Þ; ð4; 4Þg multipoles in
the co-precessing frame [20];

(ii) NO HIGHER MULTIPOLES: same as DEFAULT, except
we only include the dominant ðl; jmjÞ ¼ ð2; 2Þ
multipole in the coprecessing frame of the binary.
This is achieved through the multipole selection
feature of the LALSuite [35] implementation of the
waveform model;

(iii) NO PRECESSION: same as DEFAULT, except we disable
precession in the waveform model by setting the
in-plane spin components of both BHs to zero
during likelihood evaluation [3].2

The NO HIGHER MULTIPOLES and NO PRECESSION setups are
designed to disentangle the effects of higher multipoles and
orbital precession from the parameter inference under the
DEFAULT setup. We find that only the posterior distributions
of the DEFAULT setup have significant support in the low-q
and high-χeff region.
In the setups described above, we adopt a prior that is

uniform in the detector-frame constituent masses, which is
equivalent to a prior that is uniform in the detector-frame
chirpmassMdet and one that has higher prior probability for
small mass ratios q (see Fig. 1 below). We use a flat inMdet

prior because the detector-frame chirp mass is the best
measured mass parameter in GW astronomy. Our prior is
also uniform in luminosity volume and the effective spin,
χeff ≡ ðχ⃗1 þ qχ⃗2Þ · L̂=ð1þ qÞ [38], where χ⃗1 and χ⃗2 are
the dimensionless spin vectors of the BHs and L̂≡ L⃗=jL⃗j is
the unit vector along the (Newtonian) orbital angular

momentum of the binary. Similarly to Mdet, we use the
flat-in-χeff prior because χeff is the best-measured spin
parameter in the GW signal of a BBH merger. For the
remaining spin components, we adopt a prior that is uniform
over the poorly measured χdiff ≡ ðqχ⃗1 − χ⃗2Þ · L̂=ð1þ qÞ,
conditioned on χeff and enforcing the Kerr limit on the
individual spins, jχ⃗1j ≤ 1 and jχ⃗2j ≤ 1. χeff and χdiff deter-
mine the two spin components that are aligned with the
orbital angular momentum, χ1z and χ2z. We then take the
prior of the in-plane spin components of the black holes, χix
and χiy with i ¼ 1, 2, to be uniformly distributed in the disk
χ2ix þ χ2iy ≤ 1 − χ2iz. These choices result in a prior for the
effective precession parameter χp, defined in (2), that is
illustrated by the NO PRECESSION curve in Fig. 5 (recall that
the NO PRECESSION setup is designed such that the in-plane
spins are ignored in the likelihood evaluation—the sampled
posterior distributions is therefore equivalent to the prior
used for these variables).
In order to investigate the effects of prior assumptions on

our solution, we evaluate an additional setup:
(i) DEFAULT (ISOTROPIC SPIN PRIOR): same as DEFAULT,

except we replace the flat-in-χeff prior with the
isotropic spin prior.

The isotropic spin prior consists of independent constituent
spin distributions that are uniform in spin magnitude and
isotropic in spin orientation (the priors on other parameters
are unchanged). This prior is routinely used in the literature
[2,25,26,28], and, unlike the flat-in-χeff prior, it suppresses
at large values of jχeff j, see Fig. 2 below and e.g., Ref. [39].
For a more detailed comparison of these priors, see Sec. II
of Ref. [29].
We analyze the GW time series data with a sampling

frequency of 2048 Hz (Nyquist frequency of 1024 Hz)
and estimate the noise power spectral density (PSD) using
Welch’s method, with the specifications detailed in Ref. [4].
Our source parameter inference is conducted with
cogwheel [40], the same recently developed code used
for PE in the IAS pipeline analysis of the O3a observing run
[41]. This software implements a convenient system of
coordinates and uses the relative binning method [42] for
rapid likelihood evaluation (generalized to waveforms with
HM [43]). Additionally, we include a PSD drift correction
[44] in order to account for the noise’s leading order (linear)
deviation from stationarity around the time of the event.
We sample the posterior using PyMultiNest [45–47],

a nested-sampling algorithm which is designed to be
capable of accurately mapping out multi-modal distribu-
tions. In order to ensure that the sampler explores all the
relevant regions of the parameter space (i.e., uncovers all
the likelihood peaks), we use 20 000 live points in our
computations. Importantly, the same large number of live
points is used in all of the parameter estimation setups
described above, such that any absence of the low-q and
high-χeff region reflects a genuine suppression of that part
of parameter space, rather than undersampling.

1In fact, the need to extrapolate for binaries with q < 0.25 in
the merger-ringdown regime occurs for all of the current wave-
form models that incorporate precession and higher multipoles
[20–22].

2In principle, setting the in-plane spins to zero would also
nullify the effects of in-plane spin-spin interactions on the
phase of the gravitational waveform [36,37]. However, since
the spin-spin interactions are neglected in the modeling of
IMRPhenomXPHM [20], our proposed test is equivalent to
simply disabling precession.
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III. RESULTS

In Fig. 1, we show the posterior distributions from PE
under the flat-in-χeff prior. The posterior in the DEFAULT setup
is shifted toward the low-q and high-χeff region compared to
the NO HIGHER MULTIPOLES and NO PRECESSION setups. A
summary of the inferred source parameters is presented

in Table I, where we give the median and 90% symmetric
credible intervals of several intrinsic and extrinsic parameters,
including the luminosity distance(DL) and the source redshift
(z), assuming flat ΛCDM cosmology with the cosmological
parameter values inferred by Planck [48]. Interestingly, the
ðq; χeffÞ contour in the posterior distribution is reminiscent of

FIG. 1. Posterior distributions for GW151226 on the detector-frame chirp mass (Mdet), the mass ratio (q≡m2=m1 ≤ 1), the primary
BH source-frame mass (m1), the secondary BH source-frame mass (m2), the effective spin ( χeff ), and the log likelihood (lnL). The 2–D
contours enclose the 50% and 90% credible regions. The priors used in these setups are shown on the diagonal subplots. We see that the
inclusion of HM and orbital precession in the parameter inference shifts the log likelihood and posterior distributions toward the low-q
and high-χeff region.
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the well-known q − χeff degeneracy of the (2,2) mode
[49–51], with the inclusion of HM and precession partially
breaking that degeneracy. These results demonstrate the
importance of both HM and orbital precession in the source
parameter inference of GW151226. In Sec. IV we will take a
closer look at the impact of including these physical effects in

the analysis of GW151226. We will also describe how the
combination of smaller q, larger χeff, and the presence of
precession means that the primary black hole spin must
be large.
The log likelihood (lnL) distribution of the DEFAULT

setup is also shown in Fig. 1. The two-dimensional contour

FIG. 2. Same as Fig. 1, except we show the posterior distributions of the DEFAULT setups evaluated with the flat-in-χeff prior and the
isotropic spin prior. The two priors are the same apart from the spin variables. We find that the posterior distribution of χeff in
the isotropic spin case is suppressed by the prior at large values of χeff . Since the low-q region is correlated with the high-χeff region, the
low-q region is also relatively suppressed under the isotropic spin prior.
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plots in the lnL row demonstrate that the low-q and high
χeff region is where the likelihood peaks and is therefore
statistically preferred by the data. Notably, the average
likelihoods of the NO HIGHER MULTIPOLES and NO

PRECESSION setups are significantly smaller than that of
the DEFAULT setup, highlighting the importance of both HM
and orbital precession in shifting the solution toward the
low-q and high-χeff region. Note that the priors used in all
of these setups are identical; the absence of posterior
density in the low-q and high-χeff region for the NO

HIGHER MULTIPOLES and NO PRECESSION setups therefore
arises due to genuine suppression of the likelihood in that
region of parameter space when these effects are neglected.
In Fig. 2, we present the posterior distributions of the

DEFAULT (ISOTROPIC SPIN PRIOR) setup in order to determine
the effects of the spin prior on our parameter inference.
For ease of comparison, we include again the results of
the DEFAULT setup and explicitly label its prior in the
legend name for clarity. Due to the isotropic spin
prior’s suppression of large jχeff j values, we find that the
posterior probability of the high-χeff region in the DEFAULT

(ISOTROPIC SPIN PRIOR) case is diminished. Since the high-
χeff region is correlated with the low-q region, we see in the
ðq; χeffÞ contours of Figs. 1 and 2 that the low-q region in
the isotropic spin case is also relatively suppressed. This
finding suggests that, in addition to HM and precession, a
spin prior that does not penalize solutions with large values
of jχeff j plays an important role in uncovering that higher
likelihood region of parameter space for GW151226. In
Table I we present the median and 90% symmetric credible
intervals of each setup. By visual inspection, we find that
the DEFAULT (ISOTROPIC SPIN PRIOR) posteriors in Fig. 2
appear similar to the results of Ref. [25], which use the
isotropic spin prior. In addition, the median and 90%
credible interval as reported in their Table III appears
consistent with ours in Table I.

IV. SOURCE DISCUSSION

In the previous section, we saw that the posterior from
the DEFAULT setup is shifted toward the low-q and high-χeff
region compared to the NO HIGHER MULTIPOLES and NO

PRECESSION setups. Crucially, the solution in the low-q and
high-χeff region has a larger average log likelihood than the
high-q and low-χeff region.
Why is the low-q region relatively suppressed in the NO

HIGHER MULTIPOLES and NO PRECESSION setups? In the
former case, this comes from the fact that HM are more
strongly excited when the constituent masses are more
asymmetric [52–55]. By omitting HM in the NO HIGHER

MULTIPOLES setup, we penalize most heavily the solutions
that are most efficient at emitting these modes, which
means suppressing extreme mass ratio solutions. Using the
mode selection feature of the LALSuite implementation of

IMRPhenomXPHM [20,35], we can determine the relative
importance of the various multipole modes in our solution.
In particular, we achieve this by reweighting the likelihood
of the DEFAULT setup with likelihoods that exclude some or
all of the HM, and then compare the resulting posterior
distributions [17,18]. The results are shown in Fig. 3,
where we find that the (3,3) multipole in the coprecessing
frame is important for the shift toward the low-q region.
Other HM contribute only marginally. In a more refined
analysis, we find that the relative importance of the
multipole modes obeys the hierarchy ð2; 2Þ > ð3; 3Þ >
ð2; 1Þ > ð4; 4Þ > ð3; 2Þ. We note that Ref. [16] had also
analyzed the importance of HM in GW151226 through the
likelihood reweighting method described here [17,18],
though a direct comparison cannot be made since preces-
sion was omitted in that work.
The suppression of the low-q region in the NO

PRECESSION setup implies that the primary BH has a large
in-plane spin. This can be understood from the fact that
orbital precession, which is governed by the following
equation at leading order [14,36,37]

dL⃗
dt

¼ m2
1

r3

��
2þ 3q

2

�
χ⃗1 þ

�
2q2 þ 3q

2

�
χ⃗2

�
× L⃗; ð1Þ

is mainly driven by the in-plane spin of the heavier BH
when q is small. In Fig. 4, we plot the posterior
distributions of the primary spin’s in-plane components

FIG. 3. Posterior distributions conditioned on q for the DEFAULT

setup and for the scenarios in which the DEFAULT samples have
been reweighted with likelihoods computed using different
subsets of the available multipole modes. One reweighting uses
only the (2,2) mode in the co-precessing frame, and the other uses
the (2,2) and (3,3) modes in the coprecessing frame. In both cases
the effects of precession are still included. This figure shows
that the coprecessing (3,3) mode, in addition to the dominant
(2,2), is important in recovering the GW151226 likelihood peak
in the low-q region.

HORNG SHENG CHIA et al. PHYS. REV. D 106, 024009 (2022)

024009-6



for our various PE setups. The secondary spin is uncon-
strained in all cases, so we do not show it here. We found
that the two-dimensional posterior distributions of
in-plane spin components, χ1x and χ1y, exhibited two
similar modes that are related through a rotation of 180° in
the (instantaneous) orbital plane. This is the case because
the inclination of the binary with respect to the detector’s
line-of-sight is only determined up to an approximate
symmetry under reflection of the orbital angular
momentum across the plane of the orbit. For this reason,
in Fig. 4 we use the coordinates χ1xsignðcos ιÞ and
χ1ysignðcos ιÞ to collapse the two degenerate islands into
one, where ι is the inclination angle between the orbital
angular momentum and the line-of-sight. Note that the

definitions of χ1x; χ1y and ι depend on the reference
frequency, fref , which is the radiative frequency of the
fundamental harmonic at the time when the dynamical
variables (BH spins, orbital inclination and phase) are
set to their specified values before evolving according
to the precessional motion. In this work, we choose
fref ¼ 120 Hz, which is close to the detectors’ peak
sensitivities.
From Fig. 4, we see that the primary BH of the DEFAULT

setup has a large in-plane spin, excluding zero at the 95%
credible level. For the NO PRECESSION setup, we observe
that the posterior distribution is approximately uniform
over the ðχ1xsignðcos ιÞ; χ1ysignðcos ιÞÞ plane. This is the
case because the in-plane spin components do not enter the

TABLE I. Median and 90% symmetric credible interval of the source parameters and the log likelihood for the PE setups outlined in
Sec. II. Posteriors under the flat-in-χeff prior with different signal models are shown in Fig. 1. A comparison of the posteriors under the
flat-in-χeff versus isotropic spin priors are shown in Fig. 2.

DEFAULT

(FLAT-IN-χeff PRIOR)
NO HIGHER

MULTIPOLES

NO

PRECESSION

DEFAULT

(ISOTROPIC SPIN PRIOR)

Detector-frame chirp mass, Mdet ½M⊙� 9.75þ0.13
−0.08 9.73þ0.07

−0.07 9.73þ0.06
−0.06 9.73þ0.08

−0.07

Mass ratio, q ¼ m2=m1 0.30þ0.42
−0.17 0.40þ0.38

−0.21 0.47þ0.35
−0.24 0.46þ0.43

−0.28

Primary source mass, m1 [M⊙] 19.1þ12.1
−7.1 16.5þ8.6

−4.9 15.0þ7.1
−3.8 15.1þ10.7

−4.3

Secondary source mass, m2 [M⊙] 5.8þ2.9
−1.7 6.5þ2.5

−1.8 7.1þ2.1
−2.0 7.0þ2.6

−2.4

Total source mass, M [M⊙] 24.9þ10.5
−4.3 23.0þ6.8

−2.6 22.0þ5.1
−1.8 22.2þ8.3

−2.0

Effective aligned spin, χeff 0.30þ0.25
−0.15 0.26þ0.21

−0.13 0.24þ0.20
−0.10 0.23þ0.22

−0.09

Luminosity distance, DL [Mpc] 485þ117
−159 475þ129

−158 502þ153
−188 482þ131

−166

Source redshift, z 0.10þ0.02
−0.03 0.10þ0.03

−0.03 0.11þ0.03
−0.04 0.10þ0.03

−0.03

Log likelihood, lnL 88.2þ3.7
−4.9 86.2þ2.6

−4.2 84.9þ2.4
−4.0 87.4þ4.2

−4.7

FIG. 4. Comparison of the in-plane spin posteriors from the various PE setups. We multiply a factor of signðcos ιÞ on each of the spin
components because the figures, especially the left panel, would otherwise display two modes that are similar up to a 180° rotation in the
azimuthal direction. This follows from an approximate reflection symmetry in the measured orientation of the orbit. For the DEFAULT

setup, we show the 50% and 95% credible regions, finding that zero in-plane spin (black cross) is excluded at the 95% credible level.
Due to precessional motion, the position of the DEFAULT in-plane spin evolves in the azimuthal direction; in this work, we use a reference
frequency of fref ¼ 120 Hz. Recall that the NO PRECESSION setup is designed such that the in-plane spins are ignored in the likelihood
evaluation—the distribution in the right panel therefore corresponds to the in-plane spin prior conditioned on the orbit-aligned spin.
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likelihood evaluation in this setup (see Sec. II) and are thus
determined only by the prior. The posterior for the NO

PRECESSION setup is therefore a PyMultiNest sampling
of the in-plane spin prior conditioned on the orbit-aligned
component of the spin. We choose this prior to be uniform
in cos ι and throughout the disk χ21x þ χ21y ¼ 1 − χ21z, with
χ1z being the orbit-aligned spin component on which the
in-plane distribution is conditioned. Since the primary
in-plane spin posterior of the NO HIGHER MULTIPOLES

setup in Fig. 4 is almost uniformly distributed, we conclude
that precession is not well measured in that setup.
Motivated by the mass-weighted spin combination in (1),

the effective precession parameter [14]

χp ≡max

�
jχ⃗1 × L̂j; 4q

2 þ 3q
4þ 3q

jχ⃗2 × L̂j
�
; ð2Þ

is often used as a measure for precession. In Fig. 5, we plot
the χp posteriors from our various PE setups. Recall that the
χp distribution of the NO PRECESSION setup represents the
case in which orbital precession is intentionally disabled
during likelihood evaluation (see Sec. II); it therefore serves
as a useful null comparison for tests of precession in
other scenarios [3]. On the one hand, the NO HIGHER

MULTIPOLES setup yields a χp posterior very similar to the
NO PRECESSION setup, so we conclude that precession is not
well measured in this scenario—a conclusion that is in
agreement with Fig. 4. On the other hand, the χp distri-
bution inferred in the DEFAULT setup manifestly deviates
away from the NO PRECESSION case, indicating that this
setup displays signs of precession. However, unlike the in-
plane distributions in Fig. 4, the χp posteriors do not have
an intuitive interpretation. It is therefore difficult to infer the

degree to which orbital precession is important in the
DEFAULT setup from Fig. 5 alone.3

In addition to having a primary BH with non-negligible
in-plane spin, the solution of the DEFAULT setup also has a
modestly large value of χeff (see Fig. 1 and Table I). This is
especially interesting because χeff is dominated by the
orbit-aligned component of the primary BH spin in the
low-q limit. The primary spin is therefore not only tilted
away from the orbital angular momentum, but must also
have a large magnitude. In Fig. 6, we show both the
DEFAULT setup and the DEFAULT (ISOTROPIC SPIN PRIOR)

setup posterior distributions of χeff , the primary spin
magnitude (jχ⃗1j), and the inclination angle between the
primary spin and the orbital angular momentum (θ1L)

FIG. 6. Posterior distributions of χeff , primary spin magnitude
(jχ⃗1j), and the inclination angle between the primary spin and the
orbital angular momentum (θ1L) measured at the reference
frequency fref ¼ 120 Hz. Here we show the DEFAULT posteriors
under the flat-in-χeff prior and the isotropic spin prior, both of
which are also in the diagonal subplots (prior distributions are
dotted, posteriors are solid).

FIG. 5. The prior and marginalized posterior distributions on χp
for our various PE setups. The distribution of the NO PRECESSION

setup represents the case in which orbital precession is inten-
tionally disabled in the likelihood evaluation, and therefore serves
as a useful null comparison for tests of precession in other
scenarios.

3As noted in Ref. [3], the precise value and shape of any χp
distribution should not be overly interpreted, as they depend on the
measured values ofq and χeff aswell. For instance, although the NO
PRECESSION setup contains no information about precession, its χp
posterior in Fig. 5 broadly peaks around χp ∼ 0.8, instead of
χp ∼ 0, because the Kerr bound jχ⃗1j ≤ 1 and jχ⃗2j ≤ 1 correlates χp
with the other spin components, with the latter additionally
constrained by the data [2,3]. Similarly, the DEFAULT setup can
be understood to display signs of precession in Fig. 5 not because
of the precise shape of its χp distribution, but because of its
difference with the χp distribution of the NO PRECESSION setup.
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measured at fref ¼ 120 Hz. Comparing the curves in the
spin magnitude panels we see that the primary BH indeed
spins rapidly, since the posterior weight shifts to large
values regardless of the spin prior. The tilt of the primary
spin θ1L ¼ ð57þ37

−23Þ° is not very precisely constrained but
rules out alignment and anti-alignment at high confidence
under both spin priors. The spin of the secondary BH spin
in both setups is virtually unconstrained by the data and is
therefore not shown in this paper.

V. ASTROPHYSICAL IMPLICATIONS

Since our flat-in-χeff spin prior is arguably less astro-
physically motivated than the commonly adopted isotropic
spin prior, we do claim that our new solution is the
unambiguously favored astrophysical interpretation. It is,
however, worth examining if such a system could be
produced by current models of stellar populations and
dynamics. Because the source properties of our solution are
different from those previously inferred in the literature,
GW151226 could be a BBH merger with previously
unexplored astrophysical interpretations. In fact, the com-
bination of small q, moderately large χeff , and nonvanishing
precession makes GW151226 an outlier in the known
population of merging BBH, as most of the signals detected
to date have comparable component masses, small values
of χeff , and display no signs of precession [2–5,24,28]. In
the following discussion, we briefly explore the astrophysi-
cal implications of our solution.
Asymmetric-mass binary systems are relatively uncom-

mon in the observed population of BBH [2,3,5,28]. In this
respect, our solution for GW151226 is similar to
GW190412 [56] and GW190814 [57], whose mass ratios
of q ¼ 0.28þ0.12

−0.06 and q ¼ 0.112þ0.008
−0.009 make them the two

most asymmetric binary systems in the GWTC-2 catalog of
LVC detections [28]. The two broad classes of formation
channels for merging BBH, which are the canonical
isolated binary evolution channel [58–61] and the dynami-
cal merger channel [62–65,65–68], typically predict orders
of magnitude more comparable-mass BBH than asymmet-
ric-mass systems [69–74]. A measurement of q alone
therefore does not immediately inform us about the for-
mation history of GW151226, though it is interesting that
GW151226 increases the sample size of asymmetric-mass
binary systems, which could provide better statistical
constraints on the formation channels mentioned above,
including constraints on their branching fractions.
The secondary (source-frame) massm2 ¼ 5.8þ2.9

−1.7 M⊙ of
our solution has some overlap with the hypothesized lower
mass gap of 2.5–5 M⊙ [30–32]. The lower bound of the
mass gap is determined by the maximum mass of neutron
stars, with the uncertainties governed by the stars’modestly
constrained nuclear equation of state [75–77]. On the other
hand, the upper bound is empirically inferred from obser-
vations of x-ray binaries [30–32] and theoretically depends
on the details of the explosion and implosion mechanisms

of stellar cores [78,79]. Taking the upper bound to be
5 M⊙, the probability that our solutions falls in this mass
gap is 27%. Most of the BBH in the GWTC-2 catalog,
except GW190814,4 have constituent masses that are well
above this gap; in more recent analyses of the O3a data
[41,83,84], however, as well as in electromagnetic obser-
vations [85–87], additional BHs have been detected in this
mass range, so GW151226 may contribute to this growing
population of lower mass gap events.
Spin measurements offer valuable probes into the for-

mation mechanisms of merging binaries [88,89]. As
illustrated in Fig. 6, the primary spin in GW151226 is
not only tilted away from the orbital angular momentum,
but also has a large magnitude jχ⃗1j ¼ 0.85þ0.13

−0.35 , and the
secondary spin is essentially unconstrained. If GW151226
was formed through the canonical isolated binary evolution
channel [58–61], the spin measurement in Fig. 6 may
suggest that a first-generation BH in this formation channel
can attain large spins prior to merger. A highly-spinning
primary BH seems theoretically unlikely in this channel
because angular momentum transport from the progenitor
star’s helium core to the hydrogen envelope is typically
very efficient during the red supergiant phase, resulting in a
remnant core that has little angular momentum remaining
when it collapses to a BH [90–92]. Tidal interactions could
spin up the helium core, although this would be very
inefficient before the common envelope phase [58–61],
since the binary separation would still be large. That being
said, if the binary progenitor stars were born in tight orbits,
they could acquire large spins through strong tidal inter-
actions, leading to substantial chemical mixing in both stars
[93,94]. This mixing prevents significant expansions of
stars, thereby further suppressing angular momentum loss
through stellar winds or accretion. Because the spins of
field binaries are preferentially aligned with the orbital
angular momentum, the observed misalignment between χ⃗1
and L⃗would most likely arise from a natal kick imparted by
the nonspherical core collapse supernova of the progenitor
stars [7,95,96]. For the chemically homogeneous evolution
channel, the spin misalignment angle is typically small
because the orbital velocity is large (due to the small binary
separation) compared to the kick velocity [93]. While this
expectation may seem to contradict our θ1L ¼ ð57þ37

−23Þ°
finding, that picture largely applies to comparable-mass
binary systems q≳ 0.3 [93] and could change for binary
systems with more asymmetric mass ratios.
If GW151226 was formed through dynamical capture in

a dense stellar environment [62–65,65–68], then the
measured spin could be explained as the result of the
primary BH being the remnant of a previous merger,
making GW151226 a hierarchical merger [97]. In the

4Although the secondary mass of GW190814 was found to be
2.59 M⊙ [57], it remains unclear if it is a heavy neutron star or a
light black hole [57,80–82].
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dynamical capture channel, the BH spins are expected to be
randomly and isotropically distributed, which would
naturally explain the measured misalignment between χ⃗1
and L⃗. While the distributions of BH spin magnitudes in
dense stellar environments are highly uncertain, in the
hierarchical merger scenario [98,99], mergers of first- or
higher-generation BHs would form second- or higher-
generation BHs with spins that are distributed approxi-
mately around jχ⃗j ≈ 0.7 [100–102], as a result of converting
the premerger orbital angular momentum to the remnant
BH spin. The precise value of the final spin depends on
the mass ratio and the spin configuration of the
merger constituents [103–105]. If the primary BH of
GW151226 is a merger remnant, the large spin magnitude
jχ⃗1j ¼ 0.85þ0.13

−0.35 could be achieved as long as the spins of its
progenitors have modestly large components along the
direction of the orbital angular momentum [103–105]. This
spin configuration typically gives rise to a large merger
kick, with only a small fraction of remnants expected to be
retained by dense stellar environments [99]. This small
fraction is consistent with the fact that GW151226 is a rare
event among the observed population [2–5,24,28].
Considering the subpopulation of low-mass BBH in the

LVC catalogs, let us make an order-of-magnitude estimate
of the capture efficiency—that is, the fraction of merger
remnants which are recaptured and merge again—implied
if we take GW151226-like events to be hierarchical
mergers. We will make a number of highly simplifying
assumptions, so the results should not be overinterpreted.
Neglecting the mass loss due to GW radiation for sim-
plicity, the total mass of a BBH gives a rough approxi-
mation of its remnant BH mass. From the GWTC-1 and
GWTC-2 catalogs [2,28], we find that there are about nine
BBH systems whose total masses are distributed within the
90% confidence interval inferred for the primary BH in
GW151226, m1 ¼ 24.9þ10.5

−4.3 M⊙. Assuming that all nine
were mergers of first-generation BHs in dense stellar
environments, the observed ratio of first-generation merg-
ers to GW151226-like mergers would be about 9∶2, where
we consider GW190412 to be similar to GW151226
because its mass ratio is also small and its primary spin
could be large [57] (i.e., its primary BH could be similarly
classified as a merger remnant).5

This yields a capture efficiency estimate of ∼20%. Since
those nine progenitor-mass BBH have q ≳ 0.5 and their
chirp masses are distributed randomly around that of
GW151226, the average volume up to which one can
observe GW151226 is smaller than those of the first-
generation mergers by a factor of about 1–1.5 due to the

more asymmetric q ≈ 0.3 of GW151226 [106,107].
Correcting for this observational bias would increase the
estimate above, though not by a significant amount. The
naive ∼20% estimate appears to be of the same order of
magnitude as the capture efficiencies expected from pop-
ulation synthesis models, though the detailed predictions
depend sensitively on the initial conditions assumed for
the BH and stellar populations in these dense environ-
ments [99,108].
This extremely simplified comparison suggests

GW151226-like sources could be attributed to the hierar-
chical formation channel without ruling out agreement
between the observed population and the predictions of
population synthesis models, though we note that the
estimate above would increase if we relax the optimistic
assumption that all nine of the BBH fitting the total mass
profile were first-generation mergers in dense clusters. This
would also suggest that GW151226 is unlikely to be a
hierarchical merger unless a sizeable fraction of detectable
events arise from dense stellar clusters. Recent analyses
[24,109] of the O1–O3a binary black hole population
suggest that this fraction is indeed sizable, though its value
is not very precisely constrained. It will be interesting to see
how our estimation above changes when more data is
analyzed from future observing runs.

VI. CONCLUSION

In this paper, we inferred the source parameters of
GW151226 with IMRPhenomXPHM [20], a quasicircular
BBH model which incorporates orbital precession effects
and higher-order modes in the post-Newtonian multipole
expansion of the gravitational waveform. Sampling under a
prior that is uniform in the detector-frame constituent
masses and effective spin, and comparing PE setups with
different combinations of precession and HM included in
likelihood computations, we find that the posteriors shift
toward the low-q and high-χeff region of parameter space
when both HM and precession are included in the signal
model (see Fig. 1). This new solution is missed when either
of these effects are excluded from the waveform, because
the higher-dimensional likelihood manifold in this region
of parameter space peaks for primary spins tilted away from
the orbital angular momentum (indicating the data’s pref-
erence for a precessing source, as evident in Fig. 4) and the
asymmetric masses result in a non-negligible contribution
from the ðl; jmjÞ ¼ ð3; 3Þ harmonic in the coprecessing
frame (see Fig. 3). In Fig. 2, we can see that the flat-in-χeff
prior is also helpful in uncovering this new likelihood peak,
which is difficult to explore under a prior that suppresses
large values of jχeff j.
Since the isotropic spin prior used by LVC and a number

of other astrophysical formation channels indeed favor
small values of effective spin, this new likelihood peak is
perhaps not the most astrophysically probably description
of the source. However, our solution raises the intriguing

5Although GW190814 has a small mass ratio, it is different
from GW151226 and GW190412 because its measured primary
spin jχ⃗1j ≤ 0.07 is tightly constrained away from the expected
value for a merger remnant (jχ⃗1j ≈ 0.7 [28]), and is therefore
inconsistent with being a second-generation BH.
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possibility that GW151226 is a different type binary system
from what was previously inferred in the literature. This
new solution is interesting especially because it possesses
source properties that are considered rare among the
observed population [24,28]: its mass ratio is far from
unity; its secondary constituent may fall in the lower BH
mass gap; and its heavier BH is spinning rapidly at a large
tilt with respect to the orbital angular momentum, driving
precession and suggesting the possibility of a hierarchical
merger. It will be interesting to see how the fraction of
similar types of signals in the observed population evolves
as the expansion of the catalog reduces statistical errors,
and how these detections in future observing runs will shed
light on the astrophysical formation mechanisms of merg-
ing BBH.
Note: in the first version of this work, our PE results

displayed clear bimodality in the GW151226 posteriors.
There was a pronounced peak in the low-q region and a
separate, broader peak in the high-q region, with the former
having a much higher likelihood than the latter. We later
found that the inferred posteriors were impacted by
inaccuracies in the likelihood computation. The relative-
binning algorithm used to evaluate the likelihood relies on
the property that the ratio of waveforms that are nearby in
parameter space is a smooth function of the frequency,
which can be evaluated at low resolution and interpolated
[42]. For waveforms with higher order modes, however, the
ratio is only smooth mode-by-mode, but oscillatory for
the full waveform, thereby causing interpolation errors. The
relative-binning algorithm has since been generalized to
waveforms with higher modes [43], which we implemented
in the present version.
In this updated version, we report PE results from a

recently-developed software called COGWHEEL [40], which
uses optimal sampling coordinates and gains significant
speedup from implementing efficient likelihood evaluation
with mode-by-mode relative binning. We also increase the
time-series Nyquist frequency from 512 Hz to 1024 Hz
(this was proposed in Ref. [25] as the source of disagree-
ment between our results). We found that the improved
accuracy in likelihood evaluation at fixed relative binning
resolution plays the dominant role in changing our PE
results, in particular moving our posterior under the
isotropic spin prior into better agreement with Ref. [25].
While our posteriors now are no longer strongly bimodal,
we see in Fig. 1 that they are still preferentially tilted toward
the low-q region (arguably even more so, since the broad
high-q mode that we found earlier is now more suppressed

than in the previous result). Although our current inferred
parameter values in the DEFAULT setup are slightly different
from the low-q mode of the earlier work (since we no
longer artificially divide the posterior into two modes), our
qualitative conclusions and astrophysical interpretation of
GW151226 remain unchanged.
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